In this pa per, a di rect al go rithm of the exp-func tion method is pro posed for ex actly solv ing non-lin ear evo lu tion equa tions. To il lus trate the va lid ity and ad van tages of the al go rithm, the Korteweg-de Vries and Jimbo-Miwa equa tions are con sid ered. As a re sult, ex act so lu tions are ob tained. It is shown that the exp-func tion method with the di rect al go rithm pro vides a sim pler but ef fec tive math e mat i cal tool for con struct ing ex act so lu tions of non-lin ear evo lu tion equa tions in flu ids.
In tro duc tion
Search ing for ex act so lu tions of non-lin ear evo lu tion equa tions (NLEE) plays an impor tant role in the study of non-lin ear phys i cal phe nom ena in fluid dy nam ics. In 2006, He and Wu [1] pro posed the so-called exp-func tion method to solve non-lin ear wave equa tions. It is shown that the exp-func tion method and its im prove ments are avail able for many NLEE such as those in [2] [3] [4] [5] [6] [7] [8] [9] [10] . This is due to the method pos sesses a more gen eral ansatz: (1) sup posed for a given NLEE with in de pend ent vari ables t, x 1 , x 2 , ..., x s and de pend ent vari able u:
Here a n and b m are un de ter mined con stants, f, p, g, and q can be de ter mined by bal ancing the high est or der lin ear term with the high est or der non-lin ear term in eq. (2) . In gen eral, the fi nal so lu tion does not strongly de pend on the choices of val ues of f, p, g, q, and f = p = g = q = 1 is the sim plest choice. In this pa per, we would like to in tro duce the fol low ing gen eral approach: where non-neg a tive in te ger n is de ter mined by bal anc ing the high est or der lin ear term with the high est or der non-lin ear term in eq. (2), u j = u j (t, x 1 , x 2 , ..., x s ), j = 1, 2,..., s, are co ef fi cient functions to be de ter mined by the sys tem of par tial dif fer en tial equa tions re sulted from sub sti tut ing eq. (3) into eq. (2). In the next sec tion, the Korteweg-de Vries equa tion [11] :
and the Jimbo-Miwa equa tion [12] :
are taken as two ex am ples to il lus trate the steps of our al go rithm.
Ex am ple 1
For the Korteweg-de Vries eq. (4), we bal ance the high est or der lin ear term u xxx with the high est or der non-lin ear term 6uu x and then have n + 3 = n + n + 1, i. e., n = 2. In this case, eq. (3) be comes:
u u x t u x t u x t kx ct
Sub sti tut ing eq. (6) into eq. (4) and then equat ing each co ef fi cient of the same or der power of j i (i = 0, -1, -2, ... , -5) to zero yields a set of par tial dif fer en tial equa tions: 
Solv ing eqs. (7)- (12), we have:
and hence ob tain an ex act so lu tion of the Korteweg-de Vries eq. (4): Ex am ple 2 Let us con sider the Jimbo-Miwa eq. (5). To be gin with, we bal ance the high est or der lin ear term u xxxy with the high est or der non-lin ear term 3u y u xx and then have n + 4 = 2n + 3, i. e., n = 1. In this case, eq. (3) be comes: 
where f 1 (y, z) and f 2 (z) are ar bi trary func tions of the in di cated vari ables, ¢ = f z 3 ( ) df 3 (z)/dz and p is an ar bi trary con stant.
We there fore ob tain an ex act so lu tion of the Jimbo-Miwa equa tion (5):
where
It is shown from com puter run ning that the gen eral approach (3) has an ad van tage over the one in eq. (1) to deal with the so-called mid dle ex pres sion ex pan sion prob lem ap peared in the pro cess of us ing the exp-func tion method to trans form a given non-lin ear evo lu tion equa tion into the over de ter mined sys tem of al ge braic or dif fer en tial equa tions.
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